Relaxation methods are employed to solve, without restriction on the form of the generating curve, the following problems relating to solids of revolution: (1) torsional stresses in an incomplete tore, (2) torsional stresses in a circular shaft of non-uniform diameter, (3) axially symmetrical stresses in a complete solid of revolution, (4) flexural stresses in an incomplete tore, (5) shearing and flexural stresses in a toroidal 'hook'. Accuracy sufficient for all practical purposes is attained in every case. b: Torsional stresses in a circular shaft having non-uniform diameter. Problem (i, 2) a: Axially symmetrical strain in a complete solid of revolution. Problem (i, 2) b: Flexural stresses in an incomplete tore. Problem (ii): Shearing and flexural stresses in a toroidal 'hook'. Each formal solution consisted in a formulation of boundary conditions, and of expressions for the stress components, in terms of one or more ' stress functions' governed by partial differential equations in ra nd z. is assumed to c symmetry of the solid, whose cross-section is defined by a specified curve, or curves, in the z-r plane (figure 1). Evaluation of the stress function (or functions) is a problem special to each particular boundary.
Southwell 1940), Part V II (Shaw & Southwell 1941) , Part V IIA (Fox & Southwell 1945) , Part V IIB (Christopherson, Fox, Green, Shaw & Southwell 1945) , Part V IIC (Allen, Fox, Motz & Southwell 1945) . S e c t i o n I . F o r m a l s o l u t io n s 2. In this section the formal solutions are presented with appropriate references to the earlier paper, asterisks being used to distinguish equation nos., etc., in Southwell (1942) . Problem (i, 1) a:Torsional stresses in an incomplete tore ( § §9-10*) 3. 
at every point in an axial cross-section of the tore, and by
at every point on its boundary. The resultant action for the whole cross-section of rd, dz as given by (1) is a force Z directed along the axis of revolution and given by Z = < j> jcos (r, v )l ogr -^j v denoting the normal to the cross-section drawn outwards. Figure 1 explains the senses of va nd si n relation to za nd r.
This solution accordingly gives ( §10*) " .. .a stress system which would result from shearing actions, suitably distributed over the terminal sections, of which the resultants are directed along the axis of the tore. Actions of this kind are exerted when a helical spring of small pitch withstands tension or compression..
Problem (i, 1) b : Torsional stresses in a circular shaft having non-uniform diameter ( §11*)
4. The two non-zero stress components are given by (1) as before, but is now governed by d2 3_d r dr dz2
so would vanish everywhere if (all boundary tractions being zero) the boundary condition were (3) as before. Here, of course, the stress system results from tractions applied to some part (at least) of the boundary surface, and in consequence (3) is replaced by M -r2.vd --r2{ r O cos (r, + sin (r, p)},
in which vd is specified. Usually vQ will be zero except at two 6 cross-sections' per pendicular to Oz the axis of revolution (figure 1), where (6) reduces to
dz being specified. 
Problem (i,
we may state the boundary conditions (53) (ii) vr, vz being specified. The second of these can be integrated to impose boundary values on ^ (the constant of integration is without importance, and it can be shown that ^ is acyclic). If i]r can be determined, then the first of (11) imposes a single boundary condition on which satisfies the equation
in virtue of the first of (9). We observe that according to (10).
= <Px dz2) ( 
12)
Extension of the solution to include allowance for accelerations 6 . The foregoing solution presumes that no body forces are operative. But im portant problems are presented, satisfying the condition of axial symmetry, in which ' reversed effective ' body forces arise (on d'Alembert's principle) either (a) because the body undergoes uniform acceleration f z in the direction Oz, or because the body rotates about Oz with uniform angular velocity ( oa nd in co from that axis is subjected to a radial acceleration -----Both cases can be treated as statical problems if body-force terms pFr ®f p(o2r, pFz --pf const.)
are added to the first and third of (13)*, the equations of equilibrium for Problem (i, 2) a.These body forces can be derived according to the formulae
7.
The conditions of compatibility-namely, equations (10)*-are altered by the occurrence of the body forces. Treatm ent on the lines of Love (1927) , §92, shows that when these are derivable from a potential function JQ, then the three equations typified by V2X 1 1 + cr dx2 are replaced by equations of which 
0.
(vi)
W hen these are transformed to cylindrical co-ordinates in the manner of Southwell (1942) , § § 1-2, the first and fourth of the resulting equations (14)* are altered to V2(rr+00) + and to the other four are unaltered.
Treating the density p as uniform, we shall satisfy the amended conditions of equilibrium if we add to n , 66, zz as given by (8) increments A66, Azz
thereby adding to an increment 
which apply to both of the problems described in § 6. The stress function A satisfies (9) as before, so (10) and (12), §5, still hold; but now the boundary conditions (11) are replaced by
Flexural stresses in an incomplete tore ( § §18-19*)
9. The formal solution of this problem (in which no allowance has to be made for accelerations) is similar to that of § 5. rd and vanish everywhere, and the other stress components are given by
H denoting a function of z and rw hich satisfies the equation 10. This problem does not appear to have been treated previously, except in par ticular cases (e.g. as a problem in plane stress). The six stress components are given byf
where ^ and ijr are functions governed by the equations We observe that in virtue of (18) #3^ = 0 and (20) when Ws tands for the quantity within curly brackets in the last of (19); also that when the boundary is symmetrical about the axis (as will be the fact in most problems having practical interest) solutions in which both of 0 and are respectively even and odd in z correspond with the independent constants and Then (for symmetrical loading) the Q-solution contributes to W but not to N, the T-solution to N but not to W. We now seek, for some particular shapes of boundary, numerical solutions of the problems formally solved in § § 3-10. Except in one instance ( § 23) shall assume through out that a has the value O 3. O ur technique will be that developed in earlier papers of
this series: that is to say, (1) for differentials, in the governing equations and in the boundary conditions, we substitute finite-difference approximations as given below; (2) the governing equations thus modified we use to define 'residual forces' at nodal points of a chosen net, and to compute initial values of those forces, also (3) to con-struct 6relaxation patterns' whereby the residual forces may be 'liquidated' (i.e. reduced to negligible quantities); (4) from the resulting solution, again replacing differentials by their finite-difference approximations, we deduce values of the stress components; (5) by usual methods (cross-plotting, etc.) we construct contour diagrams as graphical representations of our results. We shall require the following finite-difference approximations, as relating to the typical point 0 of the net shown in figure 2 :
These expressions provide for the use of a net of rectangular (not necessarily square) mesh, the mesh-side being a in the direction of z, in the direction of
Torsional stresses in an incomplete tore 12. The wanted function p is governed by equation (2) and is subject condition (3) of § 3. Both of these retain their forms when we substitute
L denoting some representative dimension of the cross-section; and the same is true of (1), by which the stress components are expressed in terms of also of (4)-when v and sa re similarly interpreted-except that Z, on the left-hand side, is now replaced by Z /L 2. This means that every quantity in (1 )-(4) may be regarded as 'non-dimen sional ' (i.e. as purely numerical), provided that (4) is now replaced by
2Z
/L2 = A (j)jcos (r, v) lo g r-* (4) A so that A, in (I) and (4) A, becomes a multiple of (a stress); the expressions (1) then define rd , O z as multiples of Z /L 2.We shall adopt of r, z, v, A, (j) , but without actually inserting dashes in the equations.
13. Replacing differentials by their finite-difference approximations in accordance with (21), we now replace (2) by
-a relation between the values of p at a typical point 0 and a points 1, 2, 3, 4 of a square-mesh net. The mesh-side like r, is now to be regarded as a multiple of the representative dimension, defining the chosen net. Starting with (f) zero everywhere, we have F --a2, everywhere.
62-2 according to (23). Since
r/a appears in that equation, the ' rela different for every row of nodes parallel to For example, when r0 -3 so that rl = r3 = Sa, r2 -4 a ,r 4 -2 a ,t he effects o easily seen to be /)F 0 = -4 , J F , = AF3 = 1, /JF 2 = = i , ( -summing nearly but not e x a c t l y f to zero. Allowance for one or more short ' irregular sta r' is easily made (if required) J on the basis of ' fictitious nodes' lying outside the boundary.
14.
Except that a variety o f £ relaxation patterns ' is entailed, the liquidation process follows exactly on the lines described in previous papers of this series, and it presented no difficulty in the example which follows. The side of the square section was taken as the governing dimension L, and was given the values 1/ 8, 1/16 in successive nets. Figure 3 records the accepted values of as computed on the final net, also contours of 0 obtained from cross-plottings. § It follows from (1) that these contours coincide at every point with the direction of the resultant shear stress: their spacing, on the other hand, is not a direct measure of the intensity of that resultant, but of its intensity multiplied by r2. Accordingly figure 4 is appended to show the variation of the shear intensity over the cross-section. 15. Thom & O rr (1931) attacked the similar problem of a circular shaft of nonuniform diameter ( §4) by a process in which the governing equation (5) was replaced by its finite-difference approximation, this substituted equation was solved by an iterative process after (5) had (in effect) been replaced by
(f> n, ..., etc., stand for succes function p.A similar attack on Problem (i, 1) in relation to an elliptical section wa made some two years ago (by L. F .): the method proved successful, but was slower than the direct method here proposed ( § § 12-14) .
Problem (i, 1) b: Torsional stresses in a circular shaft having non-uniform diameter

16.
In this problem the wanted function 0 is governed by equation (5) and is subject to the boundary condition (6) of § 4. The £ non-dimensional ' substitutions (22) make no difference to the form of (5), and since boundary tractions are specified (not a f This is a new feature of the present paper, due to the occurrence of r in (23). X Irregular stars are not presented in Example 1. § In figure 3 , (f>has been multiplied by -256,000 in order to eliminate negative signs and de from the recorded values. resultant action as in Problem (i, 1) a )nothing is gained by re in (1), (6) or (7). So, with non-dimensional significance for z and p, we may say problem is to find a solution of (5) which on a specified boundary has values calculated from r2 . vddsr2{r ( 6) when (in any units) vd, rd, dz denote actual intensities of integration is im m aterial: it will be convenient to take it on the axis Oz.) When has been determined, the stress at every point can be calculated from
(1) A r and z again having non-dimensional significance.
Evaluation of po n the basis of (6), and the subsequent computation of stresses the basis of (I) A, present no difficulty when differentials are replaced by their finitedifference approximations. The governing equation (5) is replaced by
in which 0, 1, 2, 3, 4 have the same significance as in (23). (The term in that equation, which corresponds with the right-hand side of (2), is now suppressed.)
Example 2. Torsion of a shaft with solid collar 17.
In illustration we have treated the problem discussed by Thom & O rr ( §15) , namely, a long shaft of radius 8 units carrying a collar, of length 6 and radius 17 units, which is joined by a fillet of radius 1 unit (see small sketch in figure 5 ). The computa tions (by D. N. de G. A.) were carried to a rather unusually fine net (having 4 mesh sides to 1 unit in figure 5 ). This would have had illegible numerals if reduced sufficiently for reproduction here! accordingly figure 5 summarizes results on a net having 1 mesh side to 1 unit, and figure 6 reproduces a portion of the finest net to show the variation of (j)in the neighbourhood of the fillet. In both diagrams contours of p are drawn to show the direction of the resultant shear stress.
Only one point in the computations calls for notice here. On cross-sections remote from the collar, the principle of Saint Venant shows that the stress will have its wellknown distribution for a cylindrical shaft, i.e. that will be proportional to and con sequently p to r4. It is therefore desirable to start by assuming that peer4 everywhere, then use the relaxation method to correct this assumption in way of the collar; for thereby the labour of computation is restricted to a relatively small region. But in adopting this procedure we must take account of intrinsic errors in approximation (25). There the assumption dpjdz -0 means that p$ -P\ -the typ for zero residual force reduces to and this relation must be satisfied at sections far from the fillet. f A different series of numbers will be obtained from (26) for every chosen value of a. In figure 5 the recorded solution has been transferred from a larger working diagram (a = i). W hen (j) has this distribution at great distances, it must also have the value 4096 all along the stress-free boundary, and it must vanish at every point on
The value 4096 on the stress-free boundary was the value taken by Thom & Orr. 18.
The fine-net calculations recorded in figure 6 were made in order to obtain a reliable estimate of the stress-intensification at the fillet. Figure 7 compares our results with those of Thom & O rr for the variation of the resultant shear stress along the boundary. Some differences are apparent-as was to be expected in view of the relatively coarse net employed by those authors (one mesh-side of their finest net corresponded with two of the net in figure 6 ). Problem (i, 2) a: Axially symmetrical strain in a complete solid of revolution
19.
The wanted function A is governed by equation (9) and is subj ect to the boundary conditions (11) of § 5, in which ft and All of these equations retain their forms when we substitute 
20.
Since different * patterns ' must in any event be used at different radii, no advan tage is gained by a use of nets of square as contrasted with rectangular mesh. With mesh-side a in the direction of z, b in the direction of r (figure 2), the finite-differenc approximations to the first and second of (12) O f the boundary conditions (11), the second may be integrated to give
which fixes f on the boundary. (The lower limit of integration is immaterial, and may conveniently be taken on the axis Oz.) The first, which may be written in the equivalent form
must be replaced by its finite-difference approximation.
21.
Owing to the possibility of ' irregular stars' of which the interrupted arms may have either the z-or r-direction or both, general treatment of (30) so, for the point Pi n figure 8, the required approximation to (30) is
in which rP, r j , ijrPi ( vr)P , {yz)P are known. Eliminating x2 betw have relations from which special relaxation patterns can be deduced for a point 0 close to the boundary. The case is harder when the star has an interrupted arm parallel to Oz. There are two possibilities, according as 8 lies within the boundary (figure 9 s) or outside it (figure 9 b). In relation to figure 9 a we have, corresponding with (i),
denoting the length of the interrupted arm and 1 being a ' fictitious point'; and corresponding with the second of (ii) (iv) also ( dfjdr)P is related with {dfjdz)P by (11) B as before: but now in of (ii) we must employ H^)p = ^(Xl-X8) + (1-£ ) (Xo-*4)' W as the closest approximation which is practicable. Substituting in (30) we have an equation in which r0, £, (vr)p> [vz)P are known, and between this and (28) may be eliminated in the manner of § 21.
When the point 8 is also 6 fictitious' (figure 9 , % 8 has also to be eliminated, and it is difficult to obtain an independent expression for this quantity. The best procedure in this case would seem to be substitution of the equivalent relation
dr2
(12) A for the second of (12), leading to a corresponding substitution of
for the second of (28). Thereby we avoid the difficulty associated with that governing equation; but Xs still appears in the first of (28), and it can be eliminated only by a of the boundary condition at Q and a consequent introduction of I f a is an internal point, all fictitious values will have been eliminated: if a is an external point, it can in turn (theoretically) be eliminated, and the process can be continued down the line 1-8-2 until eventually the boundary is crossed; but in practice little benefit would be gained by advancing beyond a. Every case calls for special devices ad , and no problem, in our experience, has presented great difficulty. Sometimes a sufficiently good approximation is to replace (dx/dr)P by (dx/dr)0: in other cases { fP being always known) f 0 can be obtained by interpolation and (12) A can then be interpreted as the equation governing % .
Example 3. Straight tube loaded with a belt of uniform pressure
23. Binnie (1941) has treated, by extension of a method due to Filon (1902) , the case of a short thick tube which is stressed by a belt of uniform pressure applied to its external surface (figure 10). The radial and longitudinal displacements are expressed as two series of product functions typified by /^AEr) cosAEz, and the coefficients in the series are adjusted so as to make the corresponding expression for reduce at the cylindrical boundaries to the Fourier series for the specified pressures. The labour entailed is considerable, and prohibits an exact reproduction of this loading: in Binnie's paper it was reproduced to the accuracy shown by figure 11, in which the dotted curve gives the accepted approximation to the belt of uniform pressure, the full-line curve gives the longitudinal variation of 66 at the inner surface. Strictly, the line curve relates to a loading represented by his dotted curve: on that understanding, his work provides a test case whereby the accuracy of our methods may be assessed.
We now investigate this test case, and later ( § 25) we shall examine the order of the inaccuracy which is entailed by Binnie's incomplete reproduction of the specified loading. To make our solution strictly comparable, in this instance we assume ( Binnie) that a has the value 025.
24. Figure 10 is an exact reproduction of Binnie's figure 1, except that our halflength (2-45 units) is a ' rounding off' of his half-length x external radius == 0-775tt -2-435 units). A rectangular net was employed, having 14 mesh-sides in the halflength and 4 mesh-sides in the tube thickness: i.e. the assumed value of was 0-175 unit, that of b was 0-1525 unit. Since the boundary was rectangular, this example did not entail the complexity of 'irregular stars' ( § § 21-2).
a/b having the value 70/61 -1-1475, equations (28) 
and the boundary conditions (after elimination of ' fictitious points ' in the manner of § §21-2) give relations as under:
at the internal surface (r = 0-94 unit) 
In all of (32) and (33) (29) ijr has a constant value on the boundary, and without loss of generality the constant can be taken as zero (cf. § 5).
25
. Figure 12 presents the results of computation (by D. N. de G. A.), in diagrams giving nodal values and contours of the four non-zero stress components 66, zz, zr. Figure 13 gives, for comparison with Binnie's results, the longitudinal variation of 66 at the inner surface. Both diagrams relate to the specified belt of uniform pressure (its intensity was taken as 1000), but a third curve (dotted) in figure 13 indicates by com parison the order-according to our computation-of the errors entailed by Binnie's incomplete representation of the specified loading (cf. § 23).
The latter are seen to be small, and over most of the length our values of 66 are in close agreement with Binnie's: there are, however, significant discrepancies close to the free ends. Binnie, by using a finite series of Fourier terms for in effect compels that stress component to vanish at either end: our treatm ent indicates that in fact it does not vanish.
Example 4. Centrifugal stresses in a conical rotor
26.
To illustrate the extended theory of § § 6-8 (Section I) rotational stresses were computed (by D. N. de G. A.) for the conical rotor shown in figure 14 . Very little further discussion of method is needed, since ( § 8) the stress function A satisfies (9) as before and the boundary conditions (11) are altered only by an addition of specified terms to their left-hand sides: this means that § § 19-22 hold without substantial modification. , v, s, ijr, x, in (11) , have 'non-dimensional' significance. The same will be true of (11) A, except that with this significance for r and z the acceleration terms RELAXATION METHODS APPLIED TO ENGINEERING PROBLEMS 525 F igure 16a must be replaced by po)2L2r2, pfzLz respectively. In this example no boundary tractions are operative and there is no longitudinal acceleration,-i.e.
consequently f and % are directly proportional to and by taking that quantity as unity we shall obtain the stress components as multiples of po)2L2. The second of (11) A can be integrated to give (for cr = 0*3) = -^r 4, on the boundary. Two successive nets were employed, with square meshes of side and On the coarser net, relaxation was speeded by a use of the ' group displacements' shown in figure  15 a, b.These are 'partial solutions' entailing no boundary tractions and satisfying the governing equation (9)f everywhere except at and B, where residual forces are an indication o f 'singularities'. W ith their aid it is possible to eliminate the residuals which appear at A and Bw hen a trial solution is ' built u to satisfy (9) exactly at all except those nodal points. This (for the boundary in question) is more accurate than the normal liquidation process.
Figures 16 exhibit our computed values of zr-shown (for clarity) on nets of mesh side L, although derived on a net twice as fine. The diagrams are selfexplanatory. The wanted function si is governed by equation (14) and is subject to the boundary conditions (16) of §9, in which xa nd \jr are rel we write equations (15) require that and equivalent forms of (16) are f = 0 (as before),
These are somewhat more convenient. All of (14), (15), (35), (36) and (16) A retain their forms when we substitute In illustration L. F. treated a curved bar (tore) of wide rectangular cross-section, having boundaries defined by r = 4, r = 6, z = ± 3 units. (Since the computational aspects of this problem are closely identical with that of Problem (i, 2) a, and since little practical interest attaches to the bending of curved bars by pure couples, it did not seem worth while to introduce the complication o f6 irregular' stars; and the wide rectangular section has theoretical interest as a test of the limitations of the solution of Golovin and others (Southwell 1942, § 33) for narrow rectangular sections.)
The symmetry of the problem allowed us to confine attention to one-half of the crosssection. A square net of side 0 5 unit was employed, and a value 100 was attached to crB in (16) The narrow-section solution ( § 29) would be exact if it were not for the term az2/r2 in (16) A, and this term is small; so it was not to be expected that the new solution would be widely different, and figure 17 shows that in fact all of rr, are small and 66 is very nearly independent of z.
Problem (ii). Shearing and flexural stresses in a toroidal * ' 3L The wanted functions are p and and by the boundary conditions (19) of § 10. All of these equations retain their forms when rendered 6 non-dimensional' by the substitutions / , z ', v', s', Q ' for (r, z, v, s L denoting jsome representative dimension of the cross-section; and in the resulting solution rr, 66, ..., etc., will still represent actual intensities of stress. As before, we shall in computation adopt this non-dimensional interpretation of the symbols without actually inserting dashes in the equations.
Mainly for the reason that three boundary conditions are imposed (instead of one or two), this problem is appreciably harder than any yet considered in this series, and even an approximate treatm ent must be expected to entail considerable labour. This is not a m atter of much importance, because in practice hook sections are closely standardized, so that only one or two special cases will call for detailed treatm ent. O ur aim has been to develop iterative methods of attack, one of which (Method 'A ': largely due to D. N. de G. A. and L. F.) we now explain and illustrate. (18) A, with the first and last of (19) A, would serve to determine ^ and they would present a problem similar to Problem (i, 2) a of § 5, where two functi (10), are determined by (12) combined with two boundary conditions (11). Having found that problem to be soluble by the methods outlined in § § 20-25, we now make those methods the basis of an iterative attack, starting from the assumption that d2fjd z 2 is zero on the boundary.
33.
Simplifying the last of (19) A by this assumption, we can solve (18) A to obtain a first approximation (< j> l9 X u say) to p and and we can deduce a corre approximation to
Qf rom (43) combined with the second of (19) A,-i.e. from 
Then, having substituted Qlt X i for values of d2tfrfd'z2 on the boundary. These values, denoted by d2f 2/dz2, can now be made the starting stage of computation. In this we seek corrections % 2, say) to our first approximations $l9 Xu using for that purpose equations derived from (18) A, viz.
3 02 ** » ^3X2 ** 0,
combined with boundary conditions derived from the first and last of (19) A, viz.
then we deduce the corresponding correction to Q say) from equations similar in form to (45); and finally, substituting Q2,% 2, f 2 for Q, equation to obtain new boundary values d2f zl 2 which be point of a third stage of computation. The whole process can be repeated indefinitely, and it may be terminated if and when the corrections prove to be negligible.
34.
We Those expressions give (for a toroidal hook appropriately loaded) with omission of the factor cos 6 , r r ,66, zz, zr with omission of the factor sin 6, 6 having t ficance which is indicated by figure 18. T hat is to say, they give actual values of r6, 6z at the loaded section 6 = 0 , actual values of (Cf. Southwell 1942, § 24 and figure 2, of which figure 18 is a reproduction.) Figure 18 35.
The argument of § § 32-4 presumes that d2f/d z 2 as derived from (44) Moreover the constant of integration is without importance. For according to the last of (19) A a constant addition C to the boundary values of d2fjdz2 will entail a constant addition Ax = 2C/(3 -a) to the boundary values of and therefore, by the second o (18) A, a constant addition Ax everywhere: this will entail no change by the first of (18) A. Again, Ax is compatible with a change
1 0- (iii) so Aty entails no change in Q as determined from (43). It follows that C will not affect zz, zr, Oz as given by (17); and since the consequent change in s g -( 3-W is zero, neither will it affect rr, 00, rO as given by (17).
Example 6. Method 'A ' applied to a hook of square cross-section 36. To test the process L. F., with assistance from Miss Gillian Vaisey, has applied it to compute stresses in a hook of the square section bounded by
(2 L is the side of the square.) A square net of mesh-side = JZ-was employed, and for this finite-difference approximations to the governing equations and to the boundary conditions were formulated in the manner of preceding sections. The 6 Q-solution' (cf. § 10) was studied separately from the 'T-solution', which has little practical importance but would be required in order to take account of loading applied otherwise than through the centre of the cross-section.
(1) ' Q-solution' (for centrally applied loading)
First, with
A made zero to give the case of centrally applied loading, ( all stresses are proportional) was given an arbitrary value 800. No serious difficulty was confronted, and five stages of the process outlined in § 33 led to a solution which (since the last stage had yielded negligible corrections) could be deemed sufficiently exact. This is presented in figure 19 , which records the accepted values of# §^, Q and p. ^ F rom figure 19 the stress components rO, 00, Oz (which alone have practical import ance) were computed (by G. V.) in the manner of § 34. 38. This second problem (for its theoretical interest) was attacked by similar methods, Qb eing made zero and A (to which all stresses are proportional) being given an arbitrary value 2000. As was to be expected, more labour was entailed in this instance, six stages of the iterative process, with two (highly successful) syntheses, being needed to give the solution which is recorded in figure 21 . vanish (except by reason of symmetry, in the 6 Q-solution') in conformity with §35, so our boundary values of d2 f j d z 2, deduced from (44), called for some make them single-valued. Secondly, it was found that convergence (of the iterative process) could be accelerated by a timely use of 6optimal synthesis' (Part V IIB , § § 23-4) whereby two or more solutions were combined so as to reduce the sum total of the 6residual forces'. One such synthesis was used in deriving the 6 Q-solution'.
C o n c l u s io n 40.
In this paper Relaxation Methods have been shown to deal successfully, and to all the accuracy that will normally have value, with all of the problems covered (analytically) in a recent introductory paper (Southwell 1942) . Those problems included all commonly occurring stress systems in solids of revolution, and perhaps have greater importance to the designer than the two-dimensional stress systems (plane stress or strain) which have received much more attention from elasticians-probably by reason of limitations inherent in orthodox methods of attack. Relaxation Methods appear to be the only practicable means of investigating stresses in solids of revolution, because (as the introductory paper emphasized) the cases which can be solved exactly and without excessive labour have, for the most part, only academic interest; whereas for problems in plane stress and strain, alternatives such as the photo-elastic technique are available.
